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W e p resen t t h e concep t of a many-e lec t ron theory for the calculat ion of the energy difference 
be tween an u n d i s t u r b e d meta l l ic host la t t ice a n d a crystal d i s tu rbed b y s tored hydrogen a toms . 
W i t h t h e he lp of a n e l imina t ion procedure a mul t id imensional sys tem of equa t ions is reduced 
to a one-par t ic le Schröd inger equa t ion for the electron of the hydrogen . The in te rac t ion wi th t h e 
electrons of t h e me ta l is t h e n described by a dynamica l potent ia l depending on t h e s t a t e of t h e 
electron itself. A first o r d e r app rox ima t ion wi th s ta t ic screening is discussed a n d t h e n generalized 
to a self-consistent ca lcu la t ion of one-electron func t ions which a re used as a basis for expans ions . 

The well-known property of many metals and 
alloys to absorb hydrogen has attracted great 
interest in recent years as a possibility for hydrogen 
storage [1]. While it is almost impossible to review 
the experimental research in this field [2] the 
theoretical understanding of this complex phenom-
enon is still in the beginning [3]. An important 
reason for this is the fact that only the solution of 
a many-electron problem can give an adequate 
description of an electronic defect represented by a 
proton in a host metal lattice and an electron 
belonging to it. Perhaps a one-electron theory with 
static (rigid) screening [4] is insufficient to provide 
information for example about the forces between 
lattice atoms and protons. In order to calculate 
energies and lattice distortions for metal hydrides 
it is therefore reasonable to start with a many-
electron theory and derive dynamical potentials 
from it, i.e. potentials depending on the electronic 
state. In this way we want to treat particularly the 
question of the localization of an additional 
electron. We regard this as a prerequisite for the 
discussion of phase transitions connected with the 
storage of hydrogen in metals. 

§ 1. Adiabatic Decomposition of the Many-Particle 
Schrödinger Equation 

The starting point of our investigation is the 
many-particle Schrödinger equation 

i h W(x, X, Y) = X, Y), (1.1) 
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The labels x, X and Y refer to the set of electron 
coordinates xß, to the set of nuclear coordinates of 
the host lattice atoms Xm t and to the coordinates 
of the absorbed protons Yn, respectively. The 
Hamilton operator is * 
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where em i denotes the charge of an atom of kind i 
in the basic cell with label m. It may be suitable to 
consider atomic cores instead of the nuclei of the 
host lattice. The Coulomb interaction between 
nuclei and electrons will then be replaced by 
pseudopotentials 

m, i | XH -A- m, i I 
We assume that the extremely high mobility of the 
protons justifies an adiabatic approximation in 
two steps. For this purpose we make the following 
ansatz [5]: 

V(x, X, Y; t) 
= y>(x, X, Y)x(Y, X)0(X) e~ilhEt (1.4) 

* It is £2/6*2 : = Ax etc. 
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resulting in a decomposition into three subsystems: 
1. the electronic system: 

/ h 2 ö 2 P P . 

' ^ ~2m~dx ^ 

- 2 

ß m.i \xß i j 

+ , 2 p,H' I Xß — Xß' 
• tpn (x, X, Y) = En (Y, X) xpn (x, X, Y), (1.5) 

2. the system of the protons: 

/ K2 d2 em,e 
\ — 2 , O M ?\v2 + 2, 2M dY2

n
 1 I xmJ - y„ 

+ ö 2 . 2 & I Yn-Yn i 

•Xnk(Y,X) = Enk(X)Xnk(Y,X), 

+ En(Y, X) 

1.6) 

3. the system of the nuclei (or cores) of the host 
lattice: 

' V J 2 S 2 , 1 y 

2Mf. dX, •> ^ 

m . i ^m ,l 
o I y y m, i | m. i - m', j' 

+ (X) j (X) = E 0nkm (X) . (1.7) 

If we neglect interference terms which in the 
adiabatic decomposition (1.4) are considered as 
perturbations responsible for the exchange of 
energy and momentum between the subsystems, 
only a one-directional coupling of the three sub-
systems is left: The energy eigenvalues En(Y, X) 
of (1.5) represent a potential for the proton system, 
the eigenvalues En,k(X) play the role of a potential 
for the nuclei of the host lattice. Equations (1.6) 
and (1.7) determine the dynamics of protons and 
the host lattice nuclei respectively, and both are 
responsible for the lattice structure and the defor-
mations caused by the hydrogen. Before investigat-
ing the static stability of the lattice the electron 
equation must be solved because the substitution 
of the partial energies En(Y. X) and En<k(X) by 
some fitted potentials will not be possible for a metal 
lattice with interstitial protons. 

We therefore start with the Schrödinger equation 
(1.5) and investigate the many-electron problem 
treating X and Y as parameters. As can be expected 
for a many-body problem the total energy, in this 
case the energy of a metallic crystal, is very large 
compared with the energy difference of elementary 

excitations. When treating a host lattice with a 
stored hydrogen one faces the problem of the 
"difference of large numbers" (eventually infinitely 
large in the thermodynamic limit). To avoid this 
difficulty we use the New Tamm-Dancoff procedure 
(NTD) which has been mathematically developed 
so far [6] that we can rely on it for the calculation 
of energy differences. 

§ 2. The Hamilton Operator of the Many-Electron 
System Expressed by Hermitian Field 
Operators 

Instead of Eq. (1.5) we write the Hamiltonian of 
the electron system in a more general form using 
field operators 

tfzJ^xxp+ixi-^A + F w ( * ) + F H ( * ) W ) 

j* f d 3 z \p+ (*) xp+ (*') 7j-y>{*')w(*)-

(2.1) 

Fw(*) is the single particle potential of the host 
lattice atoms or ions (see (1.3)) and 

FH(*) = - 2 (2.2) 

is the potential of the stored protons. rp+{x) and 
ip(x) are creation and annihilation operators for an 
electron field obeying the anticommutation relation 

{ip(x), ip+(x')}+ = d(x — x') (2.3) 

To achieve an efficient presentation of the following 
calculations we use the Hermitian field operators [7]. 

W = U+ 
y>(x) 

\V+(X)/ 

with U denoting the unitary 2 x 2-matrix: 

U = J , UU+= U+U= I . 
y2\l -1) 

The anticommutation relation of (2.4) is 

{Va(x), Ve{x')}+ = de,od(x-x'). 

WTe have the relation 

(2.4) 

(2.5) 

(2.6) 

(2.7) 
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with W(x)T being the transposed operator which using the relation * 
can be represented by the row operator 

77+ 77 + — 77* TJ+ — Tim — fJT TI if(x)T = (v(*),v+(*))£/+ _ (v<+(*),v(*))£/ (2.8) 
0 

1 OJ 
(2.9) 

Applying these Hermitian field operators the Hamiltonian takes the form [8] 

= 1)+ tw(x) + + ] ^ j $ Vx Vx'V (x)? ^ ® £ 77- W(x') W (*) 

ffdS^dV [W (x)^ E W (x) — <$(*'_ x') - £ W{x') -. —d(x~x" 
JJ \ * — x he — x 

J J d 3 a ;dV d{x- x) — d{x' -x')+ljd^xö(x- X) [D(A)+ F w ( * ) + FH(«)] (2.10) 

where we write 
ii 0 

0 - 1 
u. ( 2 . i i ; 

of source functions [9]. Therefore, we introduce the 
generating operator 

F : = eic (3.1) 

Expressions marked by ~ are skew-symmetric which is to be understood as a formal power series. 
Let c be defined by 

= /(»+(*) v + ( * ) + w+{x) y(x)) d*x . (3.2) 

2 x 2 matrices 
A2 

l>{A) = - — A-£; (2.12) zm 
f W (X) = F w (x) - £; f H (*) = FH (x)-E. 

The components of a matrix expression like 
E (x)E 

The source field 

w(x) 
^ W{x') V (*) (2.13a) u(x):=U+ u+{x) = (w+(x)>v+(x))U (3.3) 

Zya(x)¥0(x') f " ' ef, WQ-(x')W„. (x) (2.13b) 

where we agree that the first E in (2.13) refers to 
the outer x), while the second ß combines with 
the inner W{x). This formalism will also be used in 
subsequent expressions of the same kind. 

Notice the divergent, <5-functions like terms in 
the second and third line of equation (2.10). They 
will be formally kept and not be specified here as 
they are compensated for in a subsequent trans-
formation. 

v(x) 

is a Fermi field obeying 

{ua{x), (*')}+ = doo' ö(x — *') (3.4) 

but it anticommutes with XF(x): 

{ m ( * ) , ¥ V ) } + = 0 ; 

(*),£(*')}+ = 0 . (3.5) 

Equations (3.4) and (3.5) are consistent with 

{»(*),»+(*')}+ = < $ ( * - * ' ) ; 
{w(x),w+(x')}+ = d(x-x'); (3.6) 

{«;(*), y>+(*')}+ = 0 etc. (3.7) 

which means that all remaining anti-commutators 
of v(x), w(x), y(x) and of the adjoint operators 
vanish. 

We want to calculate the energy difference of an 
undisturbed host lattice with separated hydrogen 

* rrr • xu i. j x • j rm • j- • A and a lattice with additional protons and electrons. * UL is t h e t ransposed m a t r i x a n d U * is t h e ad jo in t r 

a n d t ransposed, i .e . t h e complex c o n j u g a t e m a t r i x of U. Let 2fe0 describe a state of the system where the 

§ 3. Mapping on a System of Functional 
for the Energy Difference 

An eigenvalue problem for the energy differences 
is obtained by a suitable mapping on the llu space" 
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Xo-coordinates in Fw(*) = F° (*) assume the values 
of the ideal lattice and the Yo.coordinates of the 
protons in FH (*) = FH (x) represent positions out-
side the crystal. In JCjj the X-coordinates include 
the distortion of the lattice and the Y-coordinates 
are the positions of the protons inside the crystal. 

The electron states | a ) = | H ) and | 6) = 10) are 
defined by the eigenvalue problems 

Jf e
H \H^ = E n \ H y and 

10) = j&O 10) . (3.8) 

By forming the expression 
(b | (P^H - P) | «> = coab <b\?\a> (3.9) 

we get an eigenvalue problem for the energy 
difference 

(Oab = Ea-Eb. (3.10) 

The detailed calculation leads to 

Projecting equation (3.9) on the vacuum 10) of 
u s p a c e 

i t (*) |0) = 0 (3.11) 

a n d d e n o t i n g t h e f u n c t i o n a l ( b | P | a ) b y 

TOH(w+) = < 0 | P | # > (3.12) 

results in a linear functional equation for the energy 
differences 

s/(u+,u) TOH(«+) |0( = WHO T0u(u+) |0( . (3.13) 

The determination of the functional operator stf is 
then obtained with the functional relation [6] 

e<« Wa{x) e-ic = Va{x) + iuo+{x) 

and the replacement 

i Wo ( X ) P I 0 ) = (Ua (x) + 1- Ua
+ (x)) P | 0 ) . 

(3.14) 

(3.15) 

s/ = \ C d3z u+ (x) (ß°K (x) + ß% (X) + 2 B (x)) u (x) - (x) (£0 {x) _ £ 0 (at)) M (jr) 

e2 
— — j" [ d3x d3.r' - 4 u+(x) (ß°o (X)- H°ü(x))u* (X 

E (x) £ 
u+(x)url(x') ,j u(x')u(x) (3.16) 

1 E (g)E 
+ u+(x)u+(x')~j —rU* (x') u(x) 

4 he — x 

Here we have set 

H°H(X) = D(A) + P w ( * ) + PH(*) , (3.17a) 

//»(*) = I)(A) + V%{x) + V°H(*), (3.17b) 

(3.17c) B(x) = ~ -j 7 d(x'-x') 2 \ \x — x 

— <5(*- x')\E , 

C = i f d 3 . r T r [ £ ( P w ( * ) - P° (* ) + VH(X) 

- ? ? ( * ) ) ] . (3.17d) 

For B(x) in Eq. (3.17 c) we refer to the remark at 
the end of § 2. 

§ 4. A Normal Ordering Transformation Based 
on a Physical Initial State 

The functional equation (3.13) is not yet a mean-
ingful description of a physical system in the sense 
that the relevant solutions of the problem could be 
derived from it by simple approximations. The 
reason for this is the use of the generating operator 

(3.1) which allows for a simple mapping on a func-
tional s}^stem but does not guarantee the normal 
ordering of the field operators xp(x) and This 
normal order'ng can easily be recovered by a trans-
formation (cp - transformation) which simultaneously 
considers the intended physical model. 

In our case we transform to an initial situation 
corresponding to a good single-particle approxima-
tion for the unperturbed host crystal. So we are 
sure that later on the problem of one proton or a 
few protons in the lattice will be sufficiently well 
described by low order approximations. 

Let &o(*. *') and S\(x. x') be two projection 
operators fulfilling the relations [8] 

S0{x,x') + Si{x,x') = d(x-x'), (4.1) 

J& a(*. *") £«(*"> x') d 3 *" = (5a,a' S%(x, x') , 
a, a = 0 , 1 . (4.2) 

If we introduce these operators into Eq. (3.2) we 
get the decomposition 

c = a + b (4.3) 
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and 

a = JJd3:rd3;r>+(*) Si{x', x) y+{x') 
+ w+(x)S0(x,x')y>(x')), (4.4) 

b = JJd 3x d3:r' {v+ (*) So (*', *) ip+ (*') 
+ w+(x)S1(x,x')y> (*'))• (4.5) 

For the normal ordering we use the formula 
ei(a + b) _ [a,b] eia eib (4.6) 

which is applicable in our case and wTe get 

i [ a , b] = jjw+(x)F{x, x')v+(x')d3xd*x' (4.7) 

with 
F(x, x') = 1 («!(*, *') - So(x, x')). (4.8) 

Applying Eq. (4.8) we can now convert the func-
tional TOH to a functional 

$OH = <01 eia eib | H> (4.9) 

which belongs to a normally ordered generating 
operator with respect to a suitable initial state. To 
transform the functional equation (3.13) we return 
to the double component formulation and define 

(F{x,x') 0 \ 
o . „ « - . „ j P - <*•«» 

Then we have 

P(x,x')i= — P(x',x) (4.11) 

and the relation between the T- and ^-functional is 

TOIi = e ^ 0 oh (4.12) 

with 
& = \ J J d 3 a ; d V u+(x) P{x, x') u* (* ' ) . (4.12a) 

For the following calculations we introduce the 
double component projection operators 

S0(x,x') 0 

—&o(* ' , * ) 

S i ( x , x ' ) 0 
Si (*,*') = U+ 

and 

/ ! < + ) ( * , * ' ) = Ü+ 

0 x) 

Si (x,x') 0 
0 S0(x',x) 

U , (4.13a) 

U (4.13b) 

U , (4.14a) 

,fSo(x, x') 0 
/!<-> (*>*') = £7+| 0 s ^ (4.14b, 

The following relations hold 
$ a (* ,* ' )T = — 8 g L ( x ' , x ) , a = 0,1, (4.15) 

/1<±> (x, *')T = A&) (*', *) (4.16) 

as well as 

P ( x , *') = * ( & ( * , x ' ) - S 0 ( x , x ' ) ) 

= 1 (i<+> (X, x') - ÄI-) (x, « ' ) ) • (4.17) 

The so-called F-function F(x, x') can be determined 
from a nonlinear eigenvalue problem. The variety 
of the solutions should then characterize such 
different types of solid states as insulators, semi-
conductors and metals. This ambitious program can 
be w eackened if one incorporates into the i^-function 
some information about an intended model. I t is 
then possible to stay in the scope of a linear theory 
for the functional equation. In our description of 
metals the projection operators So and Si can be 
build up with the aid of Bloch functions 

So (X, x') = ^ bk,m (*) f km &*»(*') = S0* (*', *), (4.18) 
km 

Sl(* , *') = 2 bk,m(x) 9kmbkm(x') = *). (4.19) 
km 

The wave vector k and the band index m must 
eventually be extended by a spin index. fkm is the 
Fermi distribution function and gum = 1 —fkm-

With this choice of projection operators we take 
as initial state that one which has occupied single 
particle states up to the Fermi level. From this 
ground state we can create excitations like holes, 
additional electrons etc. 

One is not bound to Bloch functions, of course. 
Other functions which are labeled by an energy 
parameter for instance can be used, as we will do 
in Section 10. 

§ 5. The cp-Functional System 

We now multiply the functional equation (3.13) 
from the left by to get 

e~^T\0) = T |0) 
=> 10) = co 0 10) (5.1) 

The result is the functional equation of the 99-system 

^ $ | O ) = c o 0 | O ) (5.2) 

from which the physically interesting solutions can 
be derived. The new functional operator is simply 
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(5.4) 

calculated with the aid of 

u(x) e^ = u(x) — \3F, u(x)]-

= u{x) + \F(x,x')u*(x') d3*', (5.3a) 

e~^u+{x)e^ = u+{x) (5.3b) 

and is found to be 

& = s/{u+, u + Pu*) 
= + . ^ i + ^ i i + <7 

with 

•^11 = + + + + 

The terms 

= JJ U+ (x) Do (x, x') u (*') d*x d V , (5.6) 

DQ{X, X') 

=[l)(A) + Yl(x)+elj&y 
y I 

SV[ES0(y.y)]\ 

d{x — *') — e5 (5.6a) 

are in the form of a Hartree-Fock-Hamiltonian with 
Coulomb interaction 

E 
2 \x-y\ 

and exchange interaction 

§o{x.x') 
— PA — 

Sp [E {y,y)] 

which is easily recognized if an expansion of the 
(5.5a) type (4.18) is introduced for Sq{x. AC'). A striking 
(5 5 b) peculiarity is the compensation of the divergencies 

in Eq. (3.16) originating from (3.17c). More precise-
(5.5 c) the 99-transformation replaces the divergencies 

by <So(*> *'). 

Further we have 

= JJd3xd3x' u+(x) (5.7) 

• (/K+>(*, X ) W(x') + A <">(*, *') V°n{x'))u{x), 

collecting terms of the disturbed crystal in 

W(x) = Vw(x) - fl(x) + l\(x) (5.7a) 

a o » e 2 f f f f ^ , 1 3 ^ A w * w ^(
0
b) = yJJJJd x d x d y & y Mu ( y ) y - \x-x'\— 

Ä(-)(y.x)E0Ä(-Uy'.x')E\ 1 

1 1 
- /• l ( -)(y. x)EA(+)(x,y'))u++(y') . 7T u*(*') ß u(x')\, (5.8) 

J AC — X j j 

_ l Jd 3 X% T (*) (JF(*) - f j ( * ) ) t t ( * ) , (5.9) 

e 2 E (x) E 
d3.zd3:r'M+(*)wT(*') . ,. M(*')M(*) , (5.10) 

2 I a: — * I 

= - 1- JJXfd3* dVd 3 >/ d 3 / w+(x){/1(+) (*, y) D0(y, y') Ä^ (y', x') - /1<"> (x, y) £)0(y. y') ,!<+> (/, x') 

+ d(y-y') (Ä^(x.y) W(y) Ä<->(y, x') + Ä^(x.y) (y) Ä(+){y, *')} (*') , (5.11) 

= ~ J J J J J d3x d V d3y d3y' d3y" u+(y) u+ {>/) (5.12) 

Äl+)(y,x)E®Äl+)(y',x')EÄl-)(x,y") , i<-> (y,x) E <g> (/, x') E J(+> (*',/') 1 
1 Tl H 1 71 U 4 ( y ) w ( * ) , 
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Q-i = — J J J J J J d 3 ^ d3x' d3y d3y' d 3y" d3y"' u+(y)uJr(y') 

( /!<+> (y, x) t yl(-) (x, y"') ® /!<+> (/, x') E /f<-> ( * ' , y") 

(5.13) 

' 1 

/!(-) (y, *) E Ä^ (x, y'") ® /!<-) (/, *') £ i * , J 
M* ( j ' " ) • 

(5.14) Finally, C' = i Jd3:r Tr[£0(* ; *) (W(x) - ?&(*))]. 

The contribution Fh(̂ C) in Eqs . (5.7), (5.9), (5.11) and (5.14) depend on coordinates of protons 
describing positions outside the crystal and can be neglected in the main problem. 

§ 6. The Elimination Procedure 

If we apply an expansion of the form 
OO J 

—r-S$---\d3x1...d3xmu+(xm) 
tfco m\ J J 

-••u+(x i ) £ < " » > ( * i . . . * m ) | 0 ) (6.1) 

for the functional (4.9) and multiply the functional n 
equation (5.2) by the vectors of the base (01 J~[ u (st) 

i = i 
we obtain an infinite system of coupled equations 
for the so-called 99-functions cp0«) , . . . , xm): 

%£km<p<m> = co i(k) (6.2) 

To calculate approximations a cut-off criterion must 
be given. The easiest way is to use projection 
operators 

= 2 H (6-3) n = 0 

• w + ( * i ) . . . w + ( * „ ) | 0 ) — ( 0 | u{xn) . . . u(x 1) 
n! 

which are inserted in the functional equation 

& N ® 0 >
N & \ O ) = m W & N ® \ O ) . (6.4) 

Given a fixed integer N and projecting as in Eq. (6.2) 
we get a finite system of matrix equations. I t 
decomposes into an even and an odd subsystem 

M 
2^2*2m£<2w) = 0)(N) <P(2k) , 

m = 0 
k = 0, 1, ...,M = N/2 (6.5) 

and 
M 
2 ^ 2 A : + 1 2 m + l ?<2w+1> = o)(N) op (2fc+l) j 

m = 0 
k = 0, 1, . . . , M = {N - l)/2 (6.6) 

respectively. 
We abandon the specification of the complete 

system (6.2) and restrict to the odd system (6.6) in 
the simple approximation with N = 3. Then two 
equations remain, one for <p(1)(x) and another one 
for X2, *3). We can eliminate (pW> and are 
left with one equation for As will be seen later, 
it contains the wave equation of an additional 
electron in the framework of a many-electron 
problem for the disturbed metal lattice. 

The first equation is 

<0| u(z)0>3<%0>30|0> 

= <01 u (z) + 4 - 3>(oh) + + o 1 0 ) 

= J d 3 x ( D 0 { z , x) + A(+){z,x) W(x) 

4 - J < - > ( * , * ) F ° H ( * ) ) £< !> (* ) (6 .7 ) 

+ 2UW(x) - FH (X)W ?<3)(*, x, x) a, a' a' a 
e 2 r e ® £ O O ' ä , 

4- —- 2_ \ d3a;—j T-cpw (z, x, x) 
2 0,0'J \z x I a' a 

= (CO - C') $ < D ( a ) . 

As IF («) and E are 2 x 2 matrices and £ <3) ( z \ , z 2 , z 3 ) 
is a tensorial product of two-component vectors, we 
have labeled the components by a and 0' where 
necessary. 

The second equation is 

<0 I U (» 1 ) U (z2) U (»3) ^ 3 ^ <P I 0) = (0 I f ] U (.Zi) (®o + + + + 0 | 0) 
1 = 1 

= j d3x{I)0{z1, x) <pW(x, z2,z3) 4- Do(z-2, *) ^<3>(z, X, z3) 4- D0(z3,x) £><3) (»1, z2, *)} 

(6.8) 

+ (01 P ] u (Zi) ( ^ a > 4- Q™) 0 | 0) - £<«> ( » i , * 2 , »3) - R{b} ( » 1 , »2 , as) = (co- C') y™ ( » 1 , » 2 , »3) • 
i= I 
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The expressions 

i?<«> («1 , «2 . *3) = -SS&xdW {(/l<+> (*!,*) Do (X, x') /f<"> ( * \ Z2) - / l ( - ) (»1 x) Do (x, x') /l<+> ( * ' , Ä2)) y d ) (*g) 

+ <3 ( * - * ' ) ( / f<+> (»1 , * ) W (x) AM (x. z2) + J V ) ( a i , *) F h (*) /T<+) (*, a 2 ) ) f d ) (Ä3) 

4- permutations of »i, «2, «3} , (6.9) 

f - - e 2 
A<»(*i,*2,*3) = - JJ d»a:d3«'|zl(+)(»2, <->(*', «3) ^ f o i . x ) £ y W ( x ) 

e2 

I * — * I 

+ pe rmu ta t i ons of z\, «2> 231 (6.10) 

accomplish the coupling to yd). 

If we neglect the term 

«'=1 

it means that we leave out of consideration three-
particle bound states and scattering states as well 
as the influence of an external disturbance on three-
particle states**. In such a case the solution of 
Eq. (6.8) is directly obtained by a Green function G 
which will be calculated in the next section: 

y(3) (zi, z2, z3) = JJ fd32i ' d3z2 ' d3z3 ' 
•G{zi,z1'\z2,z2';z3.z2') (6.11) 

• (£<«> (z 1', z2', z 3') + R(b) [zi', z2', z3')). 

The function y ( 3 ) («i , z2. z3) calculated in this way 
can be inserted in Eq. (6.7) to give a kind of 
Schrödinger equation for yd) 
J d 3 * ( i ) o ( s . * ) + / < + > ( » , * ) W{x) 

+ i < - > ( * , * ) F 0 H W ) J U ) W 

e=i 

= (co - C " ) y d ) ( Ä ) . ( 6 . 1 2 ) 

This equation will be treated and interpreted in the 
following 

§ 7. The Green Function 

To construct the Green function we need the 
auxiliary definitions: 

** As the func t iona l opera to r 38 does no t conserve the 
n u m b e r of part icles, t h e concept of three-par t ic le s t a t e s 
is only a cer ta in a p p r o x i m a t i o n (see also [6]). 

1. We assume the Bloch functions bkm(x) to be 
solutions of the Hartree-Fock problem of the ideal 
host crystal 

fDo(x,x')bUm(x')&*zr= J d 3 * ' j ( i ) ( z l ) + F ° (x) 

, v l ,, blniy) flnb*niy) , . A , , . . 
e 2 2 d 3 r I _ I — bkm(x)ö(x-x) (7.1) 

« j Ix y 1 / 
9 V bln(x)flnbfn(x') I e I i\ "km f — ^km^km\x) • 

In I * ~  x I J 

with eigenvalues e k m . 
These functions will supply a base for the expan-

sion of the projection operators (4.18) and (4.19). 

2. Let another set of projection operators be 
defined by 

h+)m{x) = bkm(x) ./<+>; 

= b l j x ) • /(-) (7.2) 
with 

/ I 0 \ . (0 0 \ 
i i + ) = u + { o o r B ~ ) = u i o 1 r * ( 7 - 3 ) 

/<+) + /<-> = (7.3a) 

/<+) / ( + ) = / ( + ) ; / ( - ) / ( - ) / ( - ) ; / ( + ) / ( - ) = 0 . 

Further on we use 

*') = • 
Aiiix, x) = hlix) • lVn(x')+ . (7.4) 

The following relations hold 

(h±J(*))T = l (kV(x)+ , (7.5) 

f /&>(*)+ • h^Ax) Vx = öKk. dm, m' I(±); 

S h+l(x)+• d*x = 0, (7.6) 
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f ( * , * ' ) d 3 * 

= A ± V ) + < W < W . (7.7) 

With the help of the above definitions we want to 
construct the Green function for a partial problem 
of (6.8) namely 

JXf ^ ' Z l ' ' * 2 > Z 2 ' ; * 3 ' z 3 ' ) 

• £>(*1, *2, S3 I <P(3)) d32i' d322 ' d323 ' (7.8) 
= y<3> (ai, z-2, z3) 

with 

£>(«1, z2, z3 I y ( 3 ) ) = J d 3 x ( D o ( * l , * ) y< 3 >(x , Z2,Z3) 

+ D0(Z2,X) y <3) (zi, x\ , 23) 

+ I)0(z3,x)^)(z1,z2,x)) (7.9) 
-f (C — co) y<3>(«i, S2, »3) • 

For that purpose we write (5.6a) with (7.1) in the 
following way 

D0(x, x') = D0(x, x')£ 

= 2 x') - Ä(k-{(x, x')) (7.10) 

km 

and expand y<3) using (7.2) 

y <3> (xi, x2,x3) = 2 I A S ® A S ( * 2 ) ± ± qiqzqz h h h 
(7-11) : ± ± 

L 92 <?3" 
h h h 

The (4:)-summation is extended over 23 = 8 terms. 
Introducing expressions (7.10) and (7.11) into 

Eq. (7.9) and multiplying from the left by the eight 
possible combinations 

i (
P f u M + ® ® hiu^y > 

eight equations arise which take the form 

J J J d W d = V d % ' ® h V M V 

® i ß l M + ß i z i , 23' 1 y<3)) (7.12) 
= ( ± £P1 n ± £/>2)2 ± £P3i3 + C — w ) 

. /<±>(g) /<±>(X) /<±> y ± ± ± . 
il 1*2 13 

NOWt each of these equations is divided by the energy 
expression on the right-hand side and multiplied 
with the corresponding operator 

® a s m ® a s < * 3) • 

Then we sum over all p i i i , />2i2, p3i3 and finally 
add up the eight equations. On the right-hand side 
the function y<3> appears while the left-hand side 

gives the structure of the Green function 

G (zi, zi'; z2, z2 ; z 3, z3) 

= 2 2 ± ± ± P1P2P3 ii h 13 
i £/>lll i £p2i2 i £/>3l3 ^ O) 

§ 8. First Order Approximation for Electron 
Problem of Hydrogen 

Bevore tackling the eigenvalue problem (6.12), 
especially the terms P^'b)(z | yd)), we consider the 
simplest approximation by putting N — 1 in 
Equation (6.4). The P(

Q
a-b) in Eq. (6.12) disappear 

and we are left with 

jd3x(D0(z,x) + Ä(+){z, x) W(x) (8.1) 

+ i < - > (z, x) ( * ) ) y d ) (x) = (co - C') y d ) (2) . 

Using the definition 

'y<e> (» ) ' 
id) (a) = C7+ 

y d ) (2 
(8.2) 

and multiplying from the left by U, Eq. (8.1) can 
be separated into 

Jd3:r(Z)o(*, x) + S i ( 2 , « ) W(x) (8.3a) 
+ S 0 (z, x) FH (*)) cp<«> («) = (co C') yW (z), 

- J d 3 * (A) (*,*) + W(x) (8.3b) 
+ S i * ( s , x ) F h ( X ) ) y d ) ( * ) = (co < T ) y d ) (z). 

To interpret these equations we first consider the 
projection operators So and Si for the two regions 
(A) outside and (K) inside the crystal. F^(x) is the 
potential of free protons outside. The projection 
operators connected with it must be determined in 
this region by So (», x) = 0 and Si (z, x) = d (z — x); 
x e (A). For there are only protons and no back-
ground of many electrons, so that a normal ordering 
with respect to the pure vacuum is appropriate. 
This is accomplished by the above choice of So 
and S i . If we now choose the expansion (4.19) for 
S i ; x e (K) we can show that (8.3a) contains the 
equation for an additional electron in the disturbed 
crystal. Beyond this we find equations for the 
electrons in the bands of the undisturbed crystal. 
To prove it we expand y(e)(2) with respect to the 
Bloch functions 

cpW{z) = 2bkm(*)cp(Z (8.4) 

and use (4.19). After multiplication by &*• (z) and 
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integrating Eq. (8.3a) decomposes into two systems 
namely 

ePi <f'p\ + 2 9P> Wpi,km A = (co - C') cp\;] (8.5a) 

k,m 

for p, i outside the Fermi surface and 

(epi + C'-a>)<fi\ = 0 (8.5b) 
for p, i inside the Fermi surface. Wpi km stands for 

WpiiUm= fdSxb*t(x) W(x)bk,m(x). (8.6) 

Equation (8.3 a) is therefore a Schrödinger equation 
for the energy difference co of an additional electron 
in the disturbed crystal relative to the ideal crystal. 
The constant C' represents the potential energy of 
a defect screened by the Bloch functions: 

C' = i J d 3 * T r [ S 0 ( * , * ) ( f f ( * ) - J H(*))] (8.7) 
= 2 / z J ^ ( * ) ( F w ( * ) - V°w(x)+ F h ( * ) ) 

In 

I t depends on the displacements of the lattice and 
the positions of the stored protons. 

The second Eq. (8.3b) describes the energy 
difference of a defect electron in the disturbed 
lattice relative to the ideal crystal. For the expan-
sion corresponding to (8.4) 

? < L > ( * ) = Z O * ) ? f f i (8 .8) 
km 

leads to 

(epi + C -<o)<p$ = 0 (8.9a) 

for electrons outside the Fermi surface and to 

- (ePi <P(pLi + 2 fpi wpi,km Ä 
km 

= (to — C') cp(p \ (8.9 b) 

for an electron in the disturbed lattice. In fact, the 
energy difference ju = — (OJ — C') is negative relative 
to the ideal crystal indicating the energy of a defect 
electron. In equation (8.9a) we omitted a term 
which depends on the potential of the protons out-
side the crystal. For there, the energy of a hydrogen 
atom or molecule would be counted separately. 

In the following we are, of course, only interested 
in Eq. (8.3a) which we want to take as a starting 
point for further investigations. It contains the 
disturbing potentials already including a screening, 
but a rigid one, not depending on the actual state 
of the electrons. Further it may happen that Bloch 
functions are inadequate as a base for the expansion 
of the projection operators So and S i . An alter-
native will be given in Section 10. 

§ 9. Single Particle Equation with a Dynamically 
Screened Potential 

We return to Eq. (6.12) and now calculate the 
additional terms As we are only interested 
in the first component part we eliminate this with 
the help of the projection operator {//<+). Other-
wise we use Bloch functions bkni(x) for the expansion 
and omit the proton potentials Fh(JC). We then get 

Pf\z | y d ) ) = IJJJJ d 3 z i ' d 3 z 2 ' d 3 z 3 ' d * x [W(x)]aa' G (z. z { ; * *2'; z3') i?<«> (z^, z2', z3') 
a' a' 

rrrr „ - ~ ~ A(p~> (z, *i') ® Ä(±A (x, Z2') (g) Ä^. (x,Z3') 
= -tffffd8zI'dWdWdzZ [W(x)U>2 2 

4 - e • + £ • 4 - e - 4 - C'— a> 11 ? 2 13 cPl1l pz 12 ^ Cpil 3 ~ ^ ^ 

• JJd*y dy { i (+ ) (ai ' , y) f)0 (y, y') A<~) (y', z2') y d ) (z3') - i <-> (* i \ y) £)0 (y, y') A<+> (/, z2')yW (Z3') 

+ d{y—y') Ä^{z{,y) W (y) Ä^{y, z2) y d ) (»3 ') + Permu. in z{ ,z2',z3'} . (9.1) 

Using the definitions (8.6) and also 

Do-pi,ln = J J d 3 * d V b*pi[x) Do(x, x') bln(x') (9.2) 

the evaluation gives the result 

£//(+) Pf) = 2 Jd3z' bpi(z) {(D0.pUn(fln - fpi) + gpi WpUn /,.„) Wtn in bfn.{z') 
pi 

In, l'n' 

~ Win, l'n' (Do, l'n', In if In ~ Wn') + 9l'n' ^1'»', In fin) &&(«')} ?<e,(*') T _±Tn~' ' t9^ 
£pi — £ln i £ r n ' T ^ — OJ 
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The other terms can be calculated in the same way: 
UH+) £0» = 2 JJd3xd3^' bpi(z) {b*pi(x') b l n ( x ' ) Win i n' &?•'(*) <PM (*) 

Pi 
In, l'n' 

i / v /„\ / v i / Tir l* , i,i &iP flnQt'n' fpi 9ln fl'n' .. 
- * q>(e) * * 6ln ( * ^ 1 » , I'»' &*»' * } 1 "TT " e , 7 7 > ( 9 - 4 ) \x — x \ e p i — Ein+ ein' + C — to 

U/(+) pM = ^ J J d 3 z d 3 2 ' 
I a — * | £ p i — £ln + «/ 'n ' + C" — to 

In, l'n' 

• { ( A , ; p i , l » ( / l n - / p i ) + S ^ &*»(*) 
- &*,(»') <pM(m')(D0lrn.t(fln - fl'n') + dl'n' Wi'n'jnfln) &£.(*)&iv(*)} , (9-5) 

and 

P / < ^ > = 2 J f f d 3 * d V d (9 .6 ) 

• {&*<(«') &,„(*) 6 * (* ) 6 r i l . ( * ) & * , . ( * ' ) y <«>(,') - &* , (« ' ) y W (* ' ) • &, , , . (*) 6 r w - ( * ' ) &,„ (* ' ) & * ( * ) } . 

For the sake of completeness we everywhere kept 
the term D 0 . p i j n ( i n ~ f p i ) though it vanishes by 
considering relation (7.1): 

•A);pi, In {fin ~~ fpi) = Epi ^p,l^i,n(fln ~~ fpi) ~ 0 • 
(9.7) 

Equations (9.3) and (9.5) can be simplified in this 
way. Further simplifications result from approxi-
mations. But the corresponding calculations are 
postponed and will be done in connection with 
applications. 

§ 10. Self-Consistent Calculation of a Basic Set 
of Functions 

Up to now we supposed the solutions of the 
translation-invariant problem (7.1) to be the base 
for the expansions. However, one can go a step 
further and use the solutions of the disturbed 
problem (8.1) and (8.3a) as a base for the expansion 
of the operators So, S i and /1<+), respectively. 
In this way one has to treat a self-consistent 
problem of the kind 

J d 3 * [Do (z, X) + 2 (Xß ( « ) 9ß X* (*) W (X) 

+ Z»(»)Ufi(*) F&(*)] **(«) = e*Z*('). ( 1 ( U ) 

where (x) denotes the more general functions and 
ey the corresponding energies*. We want to sub-
stitute these functions into the higher NTD-
approximation of Section 6. To that purpose it is 

* Let x denote a complete set of quantum numvers. 

necessary to keep the neglected term of Eq. (6.8), 
namely, 

i = i 

= S[ÄW{z1,x)ft(x) + Ä<-){z1,x) V°K(*) (10.2) 

• y (3)(*, z2, »3) + P e r m u t . in »1, »2, »3] d 3 x 

and use the more general problem (10 .1) instead of 
(7.1). All the other evaluations, e.g. the construction 
of the Green function, are quite analogous if b k m ( x ) 

is replaced by Xx(x) a n d ek m by ex . However, 
there is an important change in the results of Sect. 9 
because the terms (9.3) and (9.5) disappear. This 
can easily be recognized by the vanishing of . 
To prove it we insert the underlined expressions in 
Eq. (5.11) and notice that they vanish because of 
their projection property: 

= _ 1 JJJJdSx d3x' d3y d3y' u+(x) 

• {ÄM(x,y)[Do(y,y') + Ä(+)(y,y') W(y') 

+ Ä<-)(y,y') Ä^(y', »') (10.3) 

- Ä(-)(x,y)[D0(y,y') + Ä+(y,y') W(y') 

+ Ä(~)(y,y') n(y')]Ä^(y',x')}u*(*'). 

In Eq. (10.3) the parts in rectangular brackets are 
diagonal so tha t we have 

= - 1 J|Jd3a;d3a:'d3y u+(x) 
• {Ä(+)(x,y)'exÄ(-)(y,xf) (10.4) 

- i<-> ( x , y) 'ex A(+) (y, x ' ) } u* (x') = 0 . 

where we used the abbreviation ex = ex 
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The remaining terms (9.4) and (9.6) are now 

ui(+)p[b> = 2 J J d 3 * d V 

PT P I 

9xf u 9w + / X 9uf u 
Ex — Eß~\- eß> + C — co 

• Xx(z) {Xx*(x') Xß(x') Wßtß- X*(x) y(«)(*) 

- x*(*) <P{E)(*) • Xß(*') X*P'(*)} (10-5) 

and 
U l ( + ) p ( b ) = ^ j j j d * x d S x ' d h ' x x { * ) ( 10 .6 ) 

X. P, P' 

9xfß 9n' + fx 9n fß' e2 
Ex Sß + Eß

JrC' — co \z — x\ 

• (XX* Xm(*') Zv* (*) XV (*) ft(x') CP«» (z) 

~ Xx*i*') <PieH*') • (Xm*(*) Xm<*) &{*') X^*'))) • 

Formaly the self-consistent determination of the 
functions has some advantages but their calculation 
is considerably more complicated. I t may only be 
justified if divergencies appear in the calculation 
of the matrix elements W ß t ß ' or if serious problems 
of convergence prevent an expansion with respect 
to Bloch-functions. 

We thank Dr. H. Büchner and Dr. J . Tönler for 
their interest and for their help which was essential 
for realisation of this work. 
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