On the Electronic Structure of Metal Hydrides
I. Exposition of a Many-Electron Theory

F. Wahl and G. Baumann

Institut fiir Theoretische Physik, Universitit Tibingen *

Z. Naturforsch. 34a, 1373—1384 (1979); received November 10, 1979

We present the concept of a many-electron theory for the calculation of the energy difference
between an undisturbed metallic host lattice and a crystal disturbed by stored hydrogen atoms.
With the help of an elimination procedure a multidimensional system of equations is reduced
to a one-particle Schrédinger equation for the electron of the hydrogen. The interaction with the
electrons of the metal is then described by a dynamical potential depending on the state of the
electron itself. A first order approximation with static screening is discussed and then generalized
to a self-consistent calculation of one-electron functions which are used as a basis for expansions.

The well-known property of many metals and
alloys to absorb hydrogen has attracted great
interest in recent years as a possibility for hydrogen
storage [1]. While it is almost impossible to review
the experimental research in this field [2] the
theoretical understanding of this complex phenom-
enon is still in the beginning [3]. An important
reason for this is the fact that only the solution of
a many-electron problem can give an adequate
description of an electronic defect represented by a
proton in a host metal lattice and an electron
belonging to it. Perhaps a one-electron theory with
static (rigid) screening [4] is insufficient to provide
information for example about the forces between
lattice atoms and protons. In order to calculate
energies and lattice distortions for metal hydrides
it is therefore reasonable to start with a many-
electron theory and derive dynamical potentials
from it, i.e. potentials depending on the electronic
state. In this way we want to treat particularly the
question of the localization of an additional
electron. We regard this as a prerequisite for the
discussion of phase transitions connected with the
storage of hydrogen in metals.

§ 1. Adiabatic Decomposition of the Many-Particle
Schrodinger Equation

The starting point of our investigation is the
many-particle Schrodinger equation

iR (%, X, Y)= #¥(x, X, Y), (1.1)
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The labels x, X and Y refer to the set of electron
coordinates x,, to the set of nuclear coordinates of
the host lattice atoms X, ; and to the coordinates
of the absorbed protons Y,, respectively. The
Hamilton operator is*
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where e, ; denotes the charge of an atom of kind ¢
in the basic cell with label m. It may be suitable to
consider atomic cores instead of the nuclei of the
host lattice. The Coulomb interaction between
nuclei and electrons will then be replaced by
pseudopotentials

€lm,
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We assume that the extremely high mobility of the
protons justifies an adiabatic approximation in
two steps. For this purpose we make the following
ansatz [5]:
Vi(x, X, Y;t)
==X, Y) (Y, X)D(X)e UrEL (14)
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resulting in a decomposition into three subsystems:
1. the electronic system:

€elm ;
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“Yn(x, X, Y)=E,(Y, X) y)n(x, X, Y), (1.5
2. the system of the protons:
02 €m.i€
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3. the system of the nuclei (or cores) of the host
lattice :
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If we neglect interference terms which in the
adiabatic decomposition (1.4) are considered as
perturbations responsible for the exchange of
energy and momentum between the subsystems,
only a one-directional coupling of the three sub-
systems is left: The energy eigenvalues E, (Y, X)
of (1.5) represent a potential for the proton system,
the eigenvalues £, ;(X) play the role of a potential
for the nuclei of the host lattice. Equations (1.6)
and (1.7) determine the dynamics of protons and
the host lattice nuclei respectively, and both are
responsible for the lattice structure and the defor-
mations caused by the hydrogen. Before investigat-
ing the static stability of the lattice the electron
equation must be solved because the substitution
of the partial energies £, (Y, X) and E,, (X) by
some fitted potentials will not be possible for a metal
lattice with interstitial protons.

We therefore start with the Schrodinger equation
(1.5) and investigate the many-electron problem
treating X and Y as parameters. As can be expected
for a many-body problem the total energy, in this
case the energy of a metallic crystal, is very large
compared with the energy difference of elementary
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excitations. When treating a host lattice with a
stored hydrogen one faces the problem of the
“difference of large numbers” (eventually infinitely
large in the thermodynamic limit). To avoid this
difficulty we use the New Tamm-Dancoff procedure
(NTD) which has been mathematically developed
so far [6] that we can rely on it for the calculation
of energy differences.

§ 2. The Hamilton Operator of the Many-Eleetron
System Expressed by Hermitian Field
Operators

Instead of Eq. (1.5) we write the Hamiltonian of
the electron system in a more general form using
field operators

%2
1 d3 d3 r L ’ 62 ’
g [ @ eyt (=) yr (=) o v (e ().
(2.1)
Vw(x) is the single particle potential of the host
lattice atoms or ions (see (1.3)) and

e2

®==2 1. v,

is the potential of the stored protons. p*(x) and
p(x) are creation and annihilation operators for an
electron field obeying the anticommutation relation

{p(x). pi(x)}s = 0(x — x'). (2.3)

(2.2)

To achieve an efficient presentation of the following
calculations we use the Hermitian field operators [7].

= L v(=) )

- () 24
with U denoting the unitary 2 x 2-matrix:
U:,L(1 Z), OUt=U0*U=1. (2.5)

y2z\L —1
The anticommutation relation of (2.4) is

(Po(x), Po(a)}s = dg00(x—x).  (2.6)
We have the relation

PT(x) = P+ (x) (2.7)
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with ()T being the transposed operator which
can be represented by the row operator

Y (x)T = G @ — @ @@y (2.8)
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using the relation *

0 1
U+U++—_—U*U+:UUT::UTU:(1 0)- (2.9)

Applying these Hermitian field operators the Hamiltonian takes the form [8]

He E%e
TP DU) - Pale) + Pl D) a4+ ] oo’ Do BT f?f P (x) P (2)
A~ A 2 2
+«1—”d3xd3x’ Y (x)TEWP(x) - ‘ — ' — ) —P)TEP(x) 3——;»5(x—x')
|x — | |x — &'

2

ﬂff d3x d3z’ 0(x — x) — L **'—6(.1: —x)+ 3 fd3x6 x—x) [D(A)+ Vy
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where we write
(1 0
E=U~+ U.
0 —1
Expressions marked by
2 X 2 matrices

(2.11)

~ are skew-symmetric

Dly=— - 4.8, (2.12)
2m
Vw(x)=Vw(x)-B; Pu(x)=Vu(x)-E.
The components of a matrix expression like
- & E®E . 2
YT (2T ——P(x)¥ (x) (2.13a)
|x — |
are
% = Eow B &
> Polx) Po (x) - ""I v (&) Vo (%) (213D)

00’
where we agree that the first E in (2.13) refers to
the outer ¥(x), while the second E combines with

the inner 'f’(x). This formalism will also be used in
subsequent expressions of the same kind.

Notice the divergent, d-functions like terms in
the second and third line of equation (2.10). They
will be formally kept and not be specified here as
they are compensated for in a subsequent trans-
formation.

§ 3. Mapping on a System of Funetionals
for the Energy Difference

An eigenvalue problem for the energy differences
is obtained by a suitable mapping on the ‘“‘u space’

* UT is the transposed matrix and U+ is the adjoint
and transposed, i.e. the complex conjugate matrix of U.

(x) + Vu(@)]  (2.10)

of source functions [9]. Therefore, we introduce the
generating operator

V= eic

which is to be understood as a formal power series.
Let ¢ be defined by

Cii= fu+(x) ';i’( )d3.1:

(3.1)

= [(v* (%) p* () + wH(x) p(x)d3z. (3.2)
The source field
w(x):= U+ (wv 23) L ut(a) = @@ TOU (33)
is a Fermi field obeying
{us (%), ug (*)}+ = 0o 0 (x — &) (3.4)
but it anticommutes with 'f’(x):
{u(x), P(=)}+ = 0;
{u(x), P(x')}+ = 0. (3.5)
Equations (3.4) and (3.5) are consistent with
{v(2), v* (&)} = O(x — &);
{w(x), w* (x')}4 = 0(x — ); (3.6)
{v(x), wr(2')}+ =0;
{v(x), p*(x')}+ =0 etc. (8.7)

which means that all remaining anti-commutators
of v(x), w(x), p(x) and of the adjoint operators
vanish.

We want to calculate the energy difference of an
undisturbed host lattice with separated hydrogen
and a lattice with additional protons and electrons.
Let o describe a state of the system where the
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Xo-coordinates in V (x) = V2 (x) assume the values
of the ideal lattice and the YO0-coordinates of the
protons in Vg (x) = Vi (x) represent positions out-
side the crystal. In #% the X-coordinates include
the distortion of the lattice and the Y-coordinates
are the positions of the protons inside the crystal.

The electron states |a)=|H) and |b)=|0) are
defined by the eigenvalue problems

4|H>=Eu|H) and

H#5 |05 = By |0). (3.8)

By forming the expression
G| (VA — H4V) @) = 0ap B| P 0> (3.9)
we get an eigenvalue problem for the energy

difference

== Ty — By, (3.10)

The detailed calculation leads to
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Projecting equation (3.9) on the vacuum |0) of
u space

u(x)[0) =0 (3.11)
and denoting the functional <6| ¥V |a) by
Ton(ut) =<O0|V |H> (3.12)

results in a linear functional equation for the energy

differences
M(u*’, u) TOH(u+) |0( = WHO TOH(u+) IO( . (313)

The determination of the functional operator .o/ is
then obtained with the functional relation [6]

eic W (x) e-ic = Wy (x) + i ug* () (3.14)
and the replacement
iWs(x) 7]0) = (ug(x) + ugt(2) P[0).  (3.15)

1 -
o = {0 + zfdsx[uwx)(ﬁ%(x) + Hy (%) + 2 B(x)) u(x) — T (x) (Hy (%) — Hi (%)) u(x)

1 e2

— —ut(x) (HY (x) — HY (x))u* (x)| — ?” d3z d3z’

4

Here we have set
AY(x)=D(A) + Vy(x) + V
Aj(x) = D(A) + v

B(x)zzlz(—- - O(x'—x)

| — |

For B(x) in Eq. (3.17¢) we refer to the remark at
the end of § 2.

§ 4. A Normal Ordering Transformation Based
on a Physical Initial State

The functional equation (3.13) is not yet a mean-
ingful description of a physical system in the sense
that the relevant solutions of the problem could be
derived from it by simple approximations. The
reason for this is the use of the generating operator

’ E ® E ’
ut(x)uT(x") I—xf; < w(x")u(x) (3.16)
1 EQRE
@) T ) u(x)}} .
x— x|

(3.1) which allows for a simple mapping on a func-
tional system but does not guarantee the normal
ordering of the field operators p(x) and ¢ {x). This
normal ordering can easily be recovered by a trans-
formation (¢-transisrmation) which simultaneously
considers the intended physical model.

In our case we transform to an initial situation
corresponding to a good single-particle approxima-
tion for the unperturbed host crystal. So we are
sure that later on the problem of one proton or a
few protons in the lattice will be sufficiently well
described by low order approximations.

Let So(x.x') and Si(x, x') be two projection
operators fulfilling the relations [8]

So(x, x') + S1(x, ") = 0(x — x'), (4.1)

J Salw, &) Sal”, &) B = b0 S (3, %)

oa, o =0,1. 4.2)

If we introduce these operators into Eq. (3.2) we
get the decomposition

c=a-+b

(4.3)
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with

a = [[d3z A3z’ (v+(x) S1(x’, x) p* (2)

+ w*(x) So(x, x') p(x)) , (4.4)
and
b= ffd% d3z’ (vt (x) So(x', x) p*(x')
+ wt(x) S1 (=, x") p(x')) . (4.5)
For the normal ordering we use the formula
gila+b) — oila,b] gia gib (4.6)
which is applicable in our case and we get
1la,b] = [[w' (x) F (x, &') v+ («) A3z A3z’ (4.7)
with
F(x,x')=1(S1(%, ') — So(x, x')) . (4.8)

Applying Eq. (4.8) we can now convert the func-
tional Tog to a functional

Dop = (0| eiaei® | H (4.9)

which belongs to a normally ordered generating
operator with respect to a suitable initial state. To
transform the functional equation (3.13) we return
to the double component formulation and define

— F(x,x') 0
F(x,x):= U+( 5 _F(x,’x)) U. (4.10)
Then we have

F(x,x\T= — F(x, x) (4.11)

and the relation between the 7T- and @-functional is
Tou = ¢ ®ou (4.12)
with

=1 [[ 32 d% ut(x) F(x. &) u* (x) . (4.12a)

For the following calculations we introduce the
double component projection operators

) So(x, &) 0

So(x,x)_U+< i _So(x, x))U, (4.13a)
S H]

Sy (%, x') = U+( 1(:; ) —Sl )U (4.13b)

and

o S1

A<+>(x,x'):U+( (=25 0 )U, (4.14a)

0 x,x)
~ So(x, x')
A (%, x") = U+( 0 )U (4.14Db)
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The following relations hold

Su(x, )T = — Sy(x',x), a=0,1, (4.15)
A (x, 2')T = A® (2, x) (4.16)
as well as
P(x,2') =3 (S1(=, 2") — So(Ax, x'))
= L(AD (%, &) — A (x, x')). (4.17)

The so-called F-function F (x, ') can be determined
from a nonlinear eigenvalue problem. The variety
of the solutions should then characterize such
different types of solid states as insulators, semi-
conductors and metals. This ambitious program can
be weackened if one incorporates into the F-function
some information about an intended model. It is
then possible to stay in the scope of a linear theory
for the functional equation. In our description of
metals the projection operators Sy and S; can be
build up with the aid of Bloch functions

S()(x, x() = Z bk,m (x) fkm b;‘:m(x,) = So* (x,z x)’ (418)

Sl( Zbkm x)gkmbkm( l):Sl*(x,’x)' (4-19)
The wave vector k and the band index m must
eventually be extended by a spin index. f;,, is the
Fermi distribution function and gz,,=1— fin,-

With this choice of projection operators we take
as initial state that one which has occupied single
particle states up to the Fermi level. From this
ground state we can create excitations like holes,
additional electrons etc.

One is not bound to Bloch functions, of course.
Other functions which are labeled by an energy
parameter for instance can be used, as we will do
in Section 10.

§ 5. The ¢-Funectional System

We now multiply the functional equation (3.13)
from the left by e~ to get
e ZAT|0)=we 7 T|0)
> e A D|0)=0d|0). (5.1)
The result is the functional equation of the ¢-system
AP |0)=wd|0) (5.2)

from which the physically interesting solutions can
be derived. The new functional operator is simply
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calculated with the aid of are in the form of a Hartree-Fock-Hamiltonian with
e u(x)e® = u(x) — [F,u(x)]- Coulomb interaction
=u(x)+ [F(x,x")u*(x')d3x’, (5.3a 2 A
ot PR srial ey s = Spl£ So (. y)]
=% ut(x) ¥ = u*(x) (5.3b) |x—y|
and is found to be and exchange interaction
B = oA (ut,u+ Fut) 2So(x,x’)
=%+ %+ Bu—+C (5.4) o |x—«'|
with . ) . .
which is easily recognized if an expansion of the
%o = Zo, (5.5a) type (4.18) is introduced for Sp(x, x'). A striking
B =IO + 2P, (5.5b) peculiarity is the compensation of the divergencies

B in Eq. (3.16) originating from (3.17¢). More precise-
Bu=9P + 2P+ 7Y+ IV +Z 5. (55¢) ly, the g-transformation replaces the divergencies
by So (=, x).

The terms
Do = ”uﬂx) Do (x, x')u(x')d3zd32’, (5.6) Further we have
Do(x, =) P = [[d3x d3z’ ut(x) (5.7)

) 2 ) (A (x, &) W) + A O (x, &) V() u(x),
=(D(A)+V&(x)+;fd3y[xfﬂSp[ESo(y-yn) St

So(x, %)

|z — |

collecting terms of the disturbed crystal in

(5.6a) .

$O(x — &) — €2 W(x)=Pw(x) — Po(x) + Pu(x)  (5.7a)

AN (v ) E @ AN (y', x') E

Ca—a| -

e2
2P =5 [[[f d>x a2’ a3y a3y’ {u*(y)u*(y’)(

1) (v QR A (v'. 2B = s
A0 ER AN EVN, )+ Lt A0y, B AO )
|[x — x| 2
. p 1

— A (y, x) B A (2, 5")) wt(y') pm— uT(x') B u(x') (5.8)
P = — } [d3zuT(x) (W (x) — Ph(x)) u(x) (5.9)

2 EQE
PP = — 'e? d3z d3z" ut (x) uT (x') ® cou(x)u(x), (5.10)

o |x— |
F@, = — 3 [[[] dsx 3%’ d3y A3y’ w (x){ A (x.3) Doly.y) AO(y', ') — AO (x.3) Doly.y') A (', %)
+ 0y — ') (AD) (. ) W(y) AO(y. &) + AO (2. 3) Ph(y) A (3, #)} u* («) (5.11)
) = — »; ”f” d3z d3z" d3y d3y’ d3y" u (y) u* (y') (5.12)

1+ ) @ AD (v, x') B A- " 1 A (y', x') B A (%', 5"
JAR ) B @ AN, ) B A (my") | A Ny, %) E@® AO(y', ) E A (' y )}u#(y,,)u(x),

]x—x'

|x—x'
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6
Da=¢ [[f{[fd3z dsz’ d3y A3y’ d3y” d3y"" u* (y)u* (y') (5.13)
[ AD(y, ) BAO (x,y") @ A (y', #) B 4O («',5")
- ]x—-x7| - o
AN E A (x,y") @ AO (v, #) E A (', y") , »
b e -l : St (v ut ()
Ix —x |
Finally, C' =1 ‘fd3x Tr[So (x, x) (W (x) — V()] . (5.14)

The contribution V% (x) in Eqs . (5.

7), (5.9), (5.11) and

(5.14) depend on coordinates of protons

describing positions outside the crystal and can be neglected in the main problem.

§ 6. The Elimination Procedure

If we apply an expansion of the form

1
ut (1) @M (21
for the functional (4.9) and multiply the functional

fd3x1

d3zp ut (2m)
. %m) |0) (6.1)
n
equation (5.2) by the vectors of the base (0] [ [u (=)
i-1

we obtain an infinite system of coupled equations
for the so-called g@-functions ¢ (™) (x1, ..., xp):

ZBkm ¢m =@ g® . (6.2)
m
To calculate approximations a cut-off criterion must

be given. The easiest way is to use projection
operators

%:ngoﬁ... faom

+(2p) |0 0]

d3z, (6.3)

‘u+(x1) i u(xl)

which are inserted in the functional equation

PNBPyD|0) =W Py d|0). (6.4)

Given a fixed integer NV and projecting as in Eq. (6.2)
we get a finite system of matrix equations. It
decomposes into an even and an odd subsystem

M
z Bk, PeEm = W) gk

m=0
k=0,1,...,M = N/2 (6.5)

0| u u(z2)
— Ide {Do z1 g
MH

u(z3) P3 B P3P |0) =

(30) (2 + TP D |0) —

3
(0] Hu(zi)(% + I8 4+ 2P + 2% + 2%) D 0)

— R@ (21, 33, 33) —

and
M
ZBZk+12m+l PemED — (V) @ @k+D) |
m=0
k=0,1,....M = (N —1)]2 (6.6)
respectively.

We abandon the specification of the complete
system (6.2) and restrict to the odd system (6.6) in
the simple approximation with N =3. Then two
equations remain, one for ¢(1)(x) and another one
for @ (x1, x2, x3). We can eliminate ¢ and are
left with one equation for ¢ (1. As will be seen later,
it contains the wave equation of an additional
electron in the framework of a many-electron
problem for the disturbed metal lattice.

The first equation is

0| u( ysg%mw
=<0 u(z) (Do + TP + 2P + 2P + I D | 0>
= fd3x Do (2, x) + A (5, x) W(x)

+ AO) (3, ) Vi (%) pD (x)

+ 24 (®) = Vi (#)]oo §® (s, 2, )

(6.7)

e? E®Eca A
| I 3 (3)
eIl RS
= (@ —C) §W(s).

As W (x) and E are 2 x 2 matrices and 3@ (21, 22, 33)
is a tensorial product of two-component vectors, we
have labeled the components by ¢ and ¢ where
necessary.

The second equation is

(6.8)

x) O (x, 22, z3) +D0(Zz x) @ (z, x, z3) + Do (23, x) @ (31, 52, x)}

RO (31,33, 33) = (0 — C") §® (31, 52, 53) .
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The expressions

RO (31,52, 33) = — [ [ 32 d3’ {( A (31,2) Do (x, ') A (2, 52)
W (x) A (x, 52) + A (31, 2) Vi (%) AD (x, 52)) $OD (z3)

+ 0(x — ) (AD (31, 2)

+ permutations of z1, z2, 53} ,
and

R®) (31,33, 33)

F. Wahl and G. Baumann

— [ 3z %2’ { A (za, 2') B 4O (', 23)
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— A (31.2) Do (2, 2') A (2, 23)) $ D (3)

(6.9)
e2 ~
I; :‘::I A (z1, x) E@u) (x)
+ A (35, %) B A (x', z9) ~|x,ejxl AC) (31, %) B0 (x)
+ permutations of z;, z2, z3 (6.10)

accomplish the coupling to ¢p@.

If we neglect the term
3
(O [ Tul=) (2 + 2) @ |0)
i=1

it means that we leave out of consideration three-
particle bound states and scattering states as well
as the influence of an external disturbance on three-
particle states**. In such a case the solution of
Eq. (6.8) is directly obtained by a Green function G
which will be calculated in the next section:

) = [[[d3z1" A3y’ d3zy’
G(z1,51 52,52 ;53,53 (6.11)
(R@ (31, z2', 33") + RO (1, 35", 53")).

P® (21,22, 23

The function (;(3) (%1, 22, z3) calculated in this way
can be inserted in Eq. (6.7) to give a kind of
Schrodinger equation for ¢ (1)

[d3z(Do (5, x) + AW (5, x) W (x)

+ A0 (5, 2) Ty (2) §0 ()
3 (PO s g0) + PP (] )
o —0)50103). (6.12)
This equation will be treated and interpreted in the
following
§ 7. The Green Function
To construct the Green function we need the

auxiliary definitions:

** As the functional operator Z does not conserve the
number of particles, the concept of three-particle states
is only a certain approximation (see also [6]).

1. We assume the Bloch functions b,,,(x) to be
solutions of the Hartree-Fock problem of the ideal
host crystal

[ Do(x, &) by (x') d32'= | d%’{(D(A) + V()

bln f’n bln
e2 Z \ d3y

—e>

In x_xl

bkm )6 (x—x") (7.1)
bln flnb (x' }

k m

with eigenvalues ¢y,, .
These functions will supply a base for the expan-
sion of the projection operators (4.18) and (4.19).

2. Let another set of projection operators be
defined by

Tgalx) =

I () = bk, ()~ 10} (7.2)
with
I — U+ (1 ) U, I00=yu+ (0 O) U (7.3)
0 0 0 1 ’
I L1 jo =1:= (1 O); (7.3a)
0 1

OO =0, O[O e, IHTO =0.

Further on we use

A (2, 2") = TG () - I8,
(-) (-
km ko

AQ (%, 2') = IE) () - I (= ’) (7.4)
The following relations hold

(PN )y = IR ()* (7.5)

“I%n) 1) (x) d3x = Ok, k* Om, m’ I@®;

| I )t 1”<,; S(x)d3xr =0, (7.6)
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[ IE) (=) AR (“)dax

+)
4
= I{E) (2') b 1 O, m -
With the help of the above definitions we want to

construct the Green function for a partial problem
of (6.8) namely

[[[G(z1,51; 32, 32" 33, 53")
-D(z, 55, 53’ | @®) d3z;" d3zs’ d3z3’

= ¢® (21, 72, 73)

(7.7)

(7.8)

with

D(z1, %2, 23| §®) = [d32(Dy (21, x) p® (x, 52, 73)
+ Do (22, x) $® (21, %1, 23)
-+ Do(z;;, x) &)(3) (%1, B2, X))
+ (€' — ) §® (21, 32, 33) .

(7.9)

For that purpose we write (5.6a) with (7.1) in the
following way

Zj)o (:t, :t,) = -l:)o (:‘7 :" ) 1;
= exm (Al (. x') — Al (x, %) (7.10)
km
and expand ¢® using (7.2)
PO (21, 22, 23) = > > I (x1) ® IG5, (22)
o e o 919293
J1 J2 Js
® I (= )qﬁ;ga. (7.11)

J1 j2 Js3

The (+)-summation is extended over 23 =8 terms.

Introducing expressions (7.10) and (7.11) into
Eq. (7.9) and multiplying from the left by the eight
possible combinations

I (z)* @ IGE) (m2')+ ® 1) (33")+,

P22 P33
eight equations arise which take the form

j‘”d&zl d3zy" d3z3’ I;,flz( ")+ ®1§$l)2( 'y
®1;;3L1)3( D(zl , %3, 33 |<P(3))
— (:i: Epiiy + Epaia :{: Epsis -+ (8= w)

JORIG QI %?1;5, .
71 92 i3

(7.12)

Now each of these equations is divided by the energy
expression on the right-hand side and multiplied
with the corresponding operator

I (31) @ I (m2) ® I, (=3) .

P11
Then we sum over all pyi;, pai2, psts and finally
add up the eight equations. On the right-hand side
the function ¢®) appears while the left-hand side
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gives the structure of the Green function
G(z1,21; 22, zz',z3, 3")

Z Plll zl %1 )®Apzzz(z2 vz2')®A;'ja:i)s(z3 :z3,)
L+t pip2ps + &pyiy & Epais T Epsis T+ C—w

71 12 23

§ 8. First Order Approximation for Electron
Problem of Hydrogen

Bevore tackling the eigenvalue problem (6.12),
especially the terms P (z|¢®), we consider the
simplest approximation by putting N=1 in
Equation (6.4). The P@" in Eq. (6.12) disappear
and we are left with

[d3z(Do (5, x) + A (=, 2) W (x) (8.1)
+ A (3, 2) Ty () §O (2) = (0 — C') D ().
Using the definition
A ¥ (z)

and multiplying from the left by U, Eq. (8.1) can
be separated into

[ d3z(Dy (=, ) + S1(z, x) W (=) (8.3a)
+ So(3, x) Vi (%) @ (x) = (0 — C") 9 (3)
— [d3x (Do (3, x) + So* (2, x) W (x) (8.3b)

+ S1*(z, %) Vi (x)) 9D (x) =

To interpret these equations we first consider the
projection operators Sy and S; for the two regions
(A) outside and (K) inside the crystal. VE (x) is the
potential of free protons outside. The projection
operators connected with it must be determined in
this region by Sy (z, £) =0 and S; (3, x) =0 (3 — x);
x € (A). For there are only protons and no back-
ground of many electrons, so that a normal ordering
with respect to the pure vacuum is appropriate.
This is accomplished by the above choice of Sy
and S;. If we now choose the expansion (4.19) for
S1; x € (K) we can show that (8.3a) contains the
equation for an additional electron in the disturbed
crystal. Beyond this we find equations for the
electrons in the bands of the undisturbed crystal.
To prove it we expand ¢(® (z) with respect to the
Bloch functions
2 bkm

qj(e)
km

(0= C)gp® (3).

(Pk/n (84)

and use (4.19). After multiplication by b¥; (z) and
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integrating Eq. (8.3a) decomposes into two systems
namely

EPL ¢$2 + Z gpi Wpi,km (p(ke}n = ( —i@ ) <P(e) (853)
k,m
for p, ¢ outside the Fermi surface and
(epi + 0" — ) gff) = (8.5b)

for p, i inside the Fermi surface. W,; ,, stands for
IVpi,km = J‘d3x bﬁ,z(x) W(x) bk,m(x) . (86)

Equation (8.3a) is therefore a Schrodinger equation
for the energy difference w of an additional electron
in the disturbed crystal relative to the ideal crystal.
The constant C’ represents the potential energy of
a defect screened by the Bloch functions:

C'=1%[d3 Tr[S'O (x, x) (W(x) — V% (2)]
—Zmﬂm x) — Vi (%) + Vi())
bm( ) d3z .

(8.7)

It depends on the displacements of the lattice and
the positions of the stored protons.

The second Eq.(8.3b) describes the energy
difference of a defect electron in the disturbed
lattice relative to the ideal crystal. For the expan-
sion correﬁpondino to (8.4)

¢(L) Z bkm ¢(k17»)b

kimn

(8.8)

leads to

(ep;+C' — ) ¢ =0 (8.9a)

P(f‘)(z

1§ = 1 [1f{a%

— 1 [J] s’ d3z' a3’ Az 3 (W (+

_4,

+o(y —y) AD (51 y)

Using the definitions (8.6) and also
DU;pz', In — ffd3x d3x' bit(x) D()(x, xl) bln (x,)

the evaluation gives the result

Uj(ﬂ p(la) = Z fd35’ bpi(z) {(Do;pz'.ln (fln -

Pi
In, U'n"

- IVln, l’n'(DO, Un', ln(fln - fl'n') + Jrw wvl'n'. In f’n) bp

F. Wahl and G. Baumann -

" d3zy’ d3%25" A3 [W (x) 6

== P1P2P3
11 12 13

HW@Hﬂﬂnw%wyMHw@wmm»

fpi) +gpi

(=)} ¢© (=
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for electrons outside the Fermi surface and to

'_( pz¢pL>+prz
= (0 — C") ¢ (8.9b)

L
pi.km ‘P(kn);,)

for an electron in the disturbed lattice. In fact, the
energy difference y = — (w — C’) is negative relative
to the ideal crystal indicating the energy of a defect
electron. In equation (8.9a) we omitted a term
which depends on the potential of the protons out-
side the crystal. For there, the energy of a hydrogen
atom or molecule would be counted separately.

In the following we are, of course, only interested
in Eq. (8.3a) which we want to take as a starting
point for further investigations. It contains the
disturbing potentials already including a screening,
but a rigid one, not depending on the actual state
of the electrons. Further it may happen that Bloch
functions are inadequate as a base for the expansion
of the projection operators Sy and S;. An alter-
native will be given in Section 10.

§ 9. Single Particle Equation with a Dynamically
Sereened Potential

We return to Eq. (6.12) and now calculate the
additional terms P{?. As we are only interested
in the first component part we eliminate this with
the help of the projection operator UJ(). Other-
wise we use Bloch functions by, (x) for the expansion
and omit the proton potentials V{(x). We then get

Gz, 31 ;532 ; x,53') R@ (31, 35/, z3')
o’ o’

5 AR (. 51) @ A (=, 32)) @ A (=, 39)

:5: ‘;Plfl j: spziz i epsl'a + C, =10
A (21, 5) Doly.y') AD(y', 52 )W (s3))

( )A( ) (y, z2 )(p(l) (73") + Permu. in 21", 22", 23} . (9.1)

(9.2)

Wpi, In fl,n) Wln, Un bl*n'(zl)

1

€pi — fm + ery w

. 9.3
+0' —w )
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The other terms can be calculated in the same way :
UIG) PP =75 [[d3 a3 bp; (=) {0 (%) bin (2') Wi v b (%) 9@ (2)
In’,’lt’n’
e? 9; flngln +fzglnfln
_b.. © (x)- by (x' . b Ld 24 , 4
pl(x)(p (x) ln(x)Wln,ln In } ]x—x I Epl—gln+8ln —[—C’ P (9 )
V16 PP =S (%05 by, (2 2 !
lz_xl Epi — 81n+£l’n’+0’—w
In, ln
: {(Do;pi, ln(fln - fpi) s gpi Wpi, In fln) b;kn(x) bl'n'(x)b;k'n'(z,) (P(e) (Z,)
— b%:(2") @ (2) Do, v, (fin — Fraw) + Gvw Wew, i fra) 00 (2)bra (%)}, (9.5)
and
2 7 gpiflngl'n’ + fpiglnfl’n' €2 €2
Ul PP = 3z A3’ d32' b, (3) - L S A 9.6
= ;‘”‘f pi (%) tpi— e+ ey + 0 —0 |z—x| | —3F| R
In,U'n
{bPl bln( ) an (x) bl’n'(x) bﬁn'(z,) (P(e) (zl) - bﬁi(z’) (P(e) (z’) ° bl'n'(x) bl'n’(xl) bln (x’) b;kn( )} J

For the sake of completeness we everywhere kept
the term Dy, p; 1, (1, — fp:) though it vanishes by
considering relation (7.1):

DO;pi,ln(fln - fpi) = &pi 6p,16i,n(fln = fpi) =0

(9.7)
Equations (9.3) and (9.5) can be simplified in this
way. Further simplifications result from approxi-
mations. But the corresponding calculations are
postponed and will be done in connection with
applications.

§ 10. Self-Consistent Caleulation of a Basic Set
of Funections

Up to now we supposed the solutions of the
translation-invariant problem (7.1) to be the base
for the expansions. However, one can go a step
further and use the solutions of the disturbed
problem (8.1) and (8.3a) as a base for the expansion
of the operators Sp, 81 and A (), AC), respectively.
In this way one has to treat a self-consistent
problem of the kind

[d3z[Do (3, x) + > (xu(2) gu 15 (%) W ()
+ xu () fu Xﬁ(x) V(})I

where y(x) denotes the more general functions and
&x the corresponding energies *. We want to sub-
stitute these functions into the higher NTD-
approximation of Section 6. To that purpose it is

()] 2% (5) = &x xx(3), (10.1)

* Let » denote a complete set of quantum numvers.

necessary to keep the neglected term of Eq. (6.8),
namely,

3
O Tu(
i=1

— [[AD(z1, %) W(x) + AO(z1, x) P (x) (10.2)
- @@ (x, 32, #3) + Permut. in 21, 53, 3] d3z

) D ® | 0)

and use the more general problem (10.1) instead of
(7.1). All the other evaluations, e.g. the construction
of the Green function, are quite analogous if by, (x)
is replaced by yxx(x) and &, by &,. However,
there is an important change in the results of Sect. 9
because the terms (9.3) and (9.5) disappear. This
can easily be recognized by the vanishing of 2®).
To prove it we insert the underlined expressions in
Eq. (5.11) and notice that they vanish because of
their projection property:
DY = — § [[[[ d3z 3z’ d3y d3y’ u* ()
AN (%, y) [Do(y,y) + AD(y,y) W(y')
+ A9y, y) VRN 4Oy, 2')  (10.3)

— AO(x,y)[Doly. y') + A*(y,y) W(y')
+ Ay, y') V()] ANy, ')} u* ()

In Eq. (10.3) the parts in rectangular brackets are
diagonal so that we have

Py = — 1 [|| Pudis’ &% wtia)
{AD (x,y) e AO) (y, &) (10.4)
— AO) (2, 5) tx AD (y, x)} u* (x') = 0

where we used the abbreviation &, = ¢, E.
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The remaining terms (9.4) and (9.6) are now
2

Tf(+) ph) 3’.,,,e,ii,
Ul Py :%f,fdsxd ]
. 9z fugu + frJu fur
o+
e (3) {o* (&) g (&) Wy, e 30 () 9 (%)
— 2% (%) @O (x)  gu(&) Wy, yiv (%)} (10.5)

and
Ul PP = > [ 3z d3z’ A3z’ yx(3) (10.6)
#pu,p’
JufuJu + Fx Gutu e? e?

e — 2yt et —w [a—a| J&' —o]
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